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1. Introduction

The theory of the fuzzy set introduced by Zadeh has achieved a great success
in various fields. Atanassov [1] introduced the intuitionistic fuzzy set (IFS),
which is a generalization of the fuzzy set. The IFS has received more and more
attention and has been applied to many fields since its appearance. The theory of
the IFS has been found to be more useful to deal with vagueness and uncertainty
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in decision situations than that of the fuzzy set. Atanassov and Gargov further
generalized the IFS in the spirit of ordinary interval-valued fuzzy sets (IVFSs)
and defined the notion of an interval-valued intuitionistic fuzzy set (IVIFS).

BCK-algebras and BC1I-algebras [4] are two important classes of logical
algebras introduced by Imai and Iseki. Neggers and Kim [9] introduced a new
notion, called a B-algebras which is related to several classes of algebras of
interest such as BCK/B(CI-algebras. Kim and Kim [8] introduced the notion
of B(G-algebras, which is a generalization of B-algebras. Senapati together with
colleagues [2, 5, 6, 10-23] have done lot of works on BCK/BCI-algebras and
related algebras. Iampan [3] introduced a new branch of logical algebra called
U P-algebras, which is related to BCK/BCI/B/BG-algebras. Somjanta et al.
[24] applied the concept of fuzzy set theory to UP-algebra. Kesorn et al. [7]
introduced intuitionistic fuzzy U P-algebras and discussed their properties in
details.

The objective of this paper is to introduce the concept of Atanassov’s interval-
valued intuitionistic fuzzy sets in U P-algebras. The images and preimages of
IVIF U P-subalgebras and U P-ideals has been introduced and some important
properties of it are also studied. The rest of the paper is organized as follows.
Section 2 recalls some definitions, viz., U P-algebra, U P-subalgebra, U P-ideal
and refinement of unit interval. In Section 3, U P-subalgebras of IVIFSs are de-
fined with some its properties. In next Section, IVIF U P-ideals are defined and
related properties are investigated. In Section 5, homomorphism of IVIF U P-
subalgebras and U P-ideals, and some of its properties are studied. In Section 6,
equivalence relations on IVIF U P-ideals are introduced. In Section 7, product
of IVIF U P-subalgebras and U P-ideals are investigated. Finally, in Section 8,
a conclusion of the proposed work is given.

2. Preliminaries

Here we give a brief review of some preliminaries.

Definition 2.1 ([3]). By a UP-algebra we mean an algebra (X,*,0) of type
(2,0) with a single binary operation % that satisfies the following axioms: for
any x,y,z € X,

1. (y*x2)*x((xxy)*(xx2)) =0,

2. Oxz ==,

3. zx0=0,

4. xxy=yxx =0 implies x = y.

In what follows, let (X, *,0) denote a U P-algebra unless otherwise specified.
For brevity we also call X a U P-algebra. We can define a partial ordering “<”
by x <y if and only if x xy = 0.

Proposition 2.2 ([7]). In a UP-algebra, the following axioms are true: for any
z,y,z € X,
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(i) zxx =0,
(1i)) zxy=yxz=0 implies xx z =0,

)
)
(iii) =y =0 implies (z % x) % (z xy) = 0,
(iv) @ *y =0 implies (y » z) * (x *z) = 0,
(v) zx(y*z) =0,

)

(vi) (yxz)*xx =0 if and only if x =y,

(vi) z* (y*xy) =0.

A non-empty subset S of a UP-algebra X is called a U P-subalgebra [7] of
Xifxxy e S, for all z,y € S. From this definition it is observed that, if a
subset S of a UP-algebra satisfies only the closer property, then S becomes a
U P-subalgebra.

A nonempty subset T' of X is called an UP-ideal [3] of X if it satisfies
the following properties: (I;) the constant 0 € T, (Iz) for ant z,y,z € X,
zx(yxz)eTandyeT =awxzeT.

Let (X,*,0) and (Y, *,0") be UP-algebras. A homomorphism is a mapping
f: X =Y satistying f(zxy) = f(z) ¥ f(y), for all z,y € X.

Let DJ0, 1] be the set of all closed subintervals of the interval [0,1]. Con-
sider two elements Dy, Dy € D[0,1]. If Dy = [a1,b1] and Dy = [ag, bo], then
rmin(D1, D2) = [min(ai, az), min(by, b2)] which is denoted by D; A" Dy and
rmax (D1, D2) = [max(ay, az), max(by, ba)] which is denoted by Dy V" Da. Thus,
if D; = [a;,b;] € D[0,1] for i = 1,2,3,4,..., then we define rsup;(D;) =
[sup;(a;),sup;(bi)], ie, VID; = [Viai, Vib;]. Similarly, we define rinf;(D;) =
[inf;(a;),inf;(b;)] i.e, AT D; = [Ajai, Aibj]. Now we call Dy > D if and only if
a1 > a9 and by > by. Similarly, the relations D < D and D = Dy are defined.

Our main objective is to investigate the idea of U P-subalgebras and U P-
ideals of IVIFS. The IVIFS is a particular type of fuzzy set.

Definition 2.3 ([25]). (Fuzzy Set) Let X be the collection of objects denoted
generally by x then a fuzzy set A in X is defined as A = {< x,pa(x) >z € X}
where pa(x) is called the membership value of x in A and 0 < pa(z) < 1.

Combined the definition of U P-subalgebra and U P-ideal over crisp set and
the idea of fuzzy set Somjanta et al. [24] defined fuzzy U P-subalgebra and
U P-ideal, which is defined below.

Definition 2.4 ([24]). Let A = {< z,pa(x) > € X} be a fuzzy set in
a UP-algebra. Then A is called a fuzzy UP-subalgebra of X if pa(x *y) >
min{pa(z), pa(y)} for all z,y € X.

A is called a fuzzy UP-ideal of X if pa(0) > pa(z) and pa(x x z) >
min{pus(x * (y*2)),paly)} for all z,y,z € X.
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Definition 2.5 ([1]). (IVIFS) An IVIFS A over X is an object having the form
A = {(z,Ra(z),Qa(x)) : x € X}, where Ra(x) : X — DI0,1] and Qa(x) :
X — DI0,1]. The intervals Ra(x) and Qa(z) denote the intervals of the degree
of belongingness and non-belongingness of the element x to the set A, where

Ra(z) = [Rar(z), Ray(x)] and Qa(x) = [Qar(z), Qau(z)], for all x € X, with
the condition 0 < Ray(z) + Qav(z) < 1. For the sake of simplicity, we shall
use the symbol A = (Ra,Q4) for the IVIFS A = {(z, Ra(x),Qa(x)) : xz € X}.

Also note that Ra(x) = [1-Ray(z), 1—Rar(x)] and Q 4(z) = [1-Qav(z), 1—
Qar(z)], where [Ra(z), Q ()] represents the complement of x in A.

3. IVIF U P-subalgebras of U P-algebras

In this section, we will introduce a new notion called interval-valued intuitionistic
fuzzy U P-subalgebra (IVIF U P-subalgebra) of U P-algebras and study several
properties of it.

Definition 3.1. Let A = (Ra,Q4) be an IVIFS in X, where X is a UP-
subalgebra, then the set A is IVIF U P-subalgebra over the binary operator * if
it satisfies the following conditions:

(UP1)  Ra(zxy)>rmin{Ra(x), Ra(y)},
(UP2)  Qa(xxy) <rmaz{Qa(x),Qa(y)},

for all xz,y € X.
We consider an example of IVIF U P-subalgebra below.

Example 3.2. Let X={0,a,b,c} be a UP-algebra with the following Cayley
table:

o Qe O %
O O O oo
O O o o
S o OO0

Q2 O 92

Define an IVIFS A = (R4,Q4) in X by

[0.3,0.4], if x € {0,a,b}

Rae) - {0506, i€ {00}
xTr) =
4 [0.4,0.5], if x=c.

0.1,02], ifz=c and Qa(x) = {

By routine calculations we get A is an IVIF U P-subalgebra of X.

Proposition 3.3. If A = (Ra,Q4) is an IVIF UP-subalgebra in X, then for
all z € X, Ra(0) > Ra(z) and Qa(0) < Qa(z).

Proof. It is easy and omitted. O
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Theorem 3.4. Let A be an IVIF U P-subalgebra of X . If there exists a sequence
{zn} in X such that lim,_,o Ra(x,) = [1,1] and lim, oo Qa(x,) = [0,0]. Then
R4(0) = [1,1] and Q4(0) = [0,0].

Proof. By Proposition 3.3, R4(0) > Ra(z) for all x € X, therefore, R4(0)
R(zy,) for every positive integer n. Consider, [1,1] > R4(0) > limy, o0 Ra(x
= [1,1]. Hence, R4(0) = [1,1].

Again, by Proposition 3.3, Q@4(0) < Qa(z) for all z € X, thus Q4(0)
QA(zy) for every positive integer n. Now, [0,0] < Q4(0) < lim, 00 @a(xy)
[0,0]. Hence, @4(0) = [0, 0].

v

O I IA

Proposition 3.5. If an IVIFS A = (R,Q4) in X is an IVIF U P-subalgebra,
then for allz € X, Ro(0xx) > Ra(x) and Qa(0xx) < Qa(x).

Proof. For all x € X, Ra(0*xz) > rmin{Ra(0), Ra(z)} = rmin{Ra(z
x), Ra(z)} > rmin{rmin{Ra(z), Ra(z)}, Ra(z)} = Ra(x) and QA(0 * x)
rmaz{Qa(0), Qa(z)}=rmaz{Qa(x *z), Qa(z)}<rmaz{rmazr{Qa(z), Qa(x)
Qa(x)} = Qa(z). This completes the proof.

O IA %

Theorem 3.6. An IVIFSs A = {[Rar,Rav),[QaL,Qavl} in X is an IVIF
U P-subalgebra of X if and only if Rar, Rauy, Qar and Qay are fuzzy UP-
subalgebras of X .

Proof. Let Ra; and Ray be fuzzy U P-subalgebra of X and z,y € X. Then

Rar(z xy) > min{Rar(x), Rar(y)} and Ray(z *y) > min{Rav(x), Rav(y)}-
Now,

Ra(zxxy) = [Rar(z*y), Ray(z*y)]
[min{Rar(x), Rar(y)}, min{Rav(z), Rav(y)}]

rmin{[RAL, (), Rav (@), [Rar(y), Rav(y }
rmin{Ra(x), Ra(y)}.

v

Again, let Qa1 and Qay be fuzzy U P-subalgebras of X and x,y € X. Then
Qar(z*y) < max{Qar(z),Qar(y)} and Qav(z *y) < max{Qav(v), Qav(y)}-

Now,

Qa(z *y) [QarL(z xy), Qav (T xy)]
(

max{Qar(z), Qar(y)}, max{Qav(z), Qav(y)}]

IN

Tmax{[ aL(r), Qav(z)], [Qar(y %QAU(?J)]}
= rmax{Qa(z),Qa(y)}.

Hence, A = {[Rar, Rav), [QaL,Qav]} is an IVIF U P-subalgebra of X.
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Conversely, assume that, A is an IVIF U P-subalgebra of X. For any z,y € X

[Rar(z xy), Rav(z * y)] = Ra(x x y) > rmin{Ra(z), Ra(y)}

= rmin{[Rar(z), Rav ()], [Rar(y), Rav(y)]

= min{Rar(z), Rar(y)}, min{ Rav (z), Rav (y)}],
[Qar(z xy), Qav(z xy)] = Qa(z xy) < rmax{Qa(z),Qa(y)}

= rmaz{[Qar(z), Qav ()], [Qar(y), Qav(y)]}

= max{Qar(z), Qar(y)}, max{Qav(z), Qav(y)}]-

Thus Rar(x*y) > min{Rar(z), Rar(y)}, Rav(x*y) > min{Ray(z), Rav(y)},

Qar(rxy) <max{Qar(z), Qar(y)} and Qau(z *y) < max{Qav(v), Qav(y)}-
Therefore, Rar, Rau, Qar and Q ay are fuzzy U P-subalgebras of X. O

Definition 3.7. Let A and B be two IVIFSs on X, where A = {([Rar(x),

Rav(2)]; [Qar(z), Qav]) : « € X} and B = {([RpL(z), Rpu(2)], [@pL(2),
Qpul) : x € X}. Then the intersection of A and B is denoted by AN B, and is

given by ANB = {{(z, Ranp(x), Qaup(z)) : x € X} = {{[min(Rar(x), Rpr(x)),

?Z'}H(RAU((L% Rpy(2))], [max(Qar(z), QpL(x)), maz(Qav (), Qpu(x))]) 1 x €

Theorem 3.8. Let A1 and As be two IVIF U P-subalgebras of X. Then A1N A,
is an IVIF U P-subalgebra of X.

Proof. Let z,y € A1 N Ay. Then z,y € A1 and As. Since Ay and Ay are IVIF
U P-subalgebras of X, by Theorem 3.6,

Raynay (T xy) = [Ranan) (T *y), Ria,nan)u (T * y)]
= [min(Ra,1(z xy), Ra,.(x x y)),
min(Ra,v(z *y), Ra,u(z *y))]
> [min(R4,n4.)7(2); Ba,na2)0(Y));
min(Ra,na,)0 (), Ria,nas)yo (y))]
= rmin{Ra,na,(7), Ra,na, (y)}
and Qa,u4, (T *y) = [Qa,u4) (T *Y), Q(a,04,)0 (T * )]
= [max(Qa,L(z *y), Qa,L(z *y)),
max(Qa,v(r * y), Qa,u(x *y))]
< [max(Qa,u4.)L (), Qa,ua0)L(Y)),
max(Q(a,u4,)v (), Q(a,u4)0(Y))]
= rmaz{Qa,uA, (), Qa,04,(y)}-
This proves the theorem. O
Corollary 3.9. Let {A;|i = 1,2,3,4,...} be a family of IVIF U P-subalgebra

of X. Then (A; is also an IVIF UP-subalgebra of X where, (A; = {(z,
rminRa, (x),rmazQa,(x)) 1z € X}.
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Theorem 3.10. Let A = (Ra,Q4) be an IVIF U P-subalgebra of X and let
n € N (the set of natural numbers). Then

(i) Ra(J[" z xx) > Ra(x), for any odd number n,

(i7) Qa(J]" =z *x) < Qa(x), for any odd number n,

(i1) RA(]]" x*x) = Ra(x), for any even number n,

(iv) Qa(II" z*z) = Qal(x), for any even number n.

Proof. Let x € X and assume that n is odd. Then n = 2p — 1 for some positive
integer p. We prove the Theorem by induction.

Now Ry(z*x) = Ra(0) > Ra(z) and QA(x*x) = Q4(0) < Qa(x). Suppose
that Ra(J]? ' a*x) > Ra(z) and Qo([]* taxz) < Qa(x ) Then by assump-
tion, RA(HZ(pH)_l zxx) = Ra([IP M 2 xx) = Ra(JT? P+ (z % (z % 2))) =
Ra(IT* o * 2) > Ra(z) and Qa([[**™ 'z % 2) = (H2p+1 T ¥ 1) =
QAT o x(xx (xx2) = Qa([[?  a*x) < Qa(x), Wthh proves (i) and
(ii). Proofs are similar for the cases (iii) and (iv). O

We define two operators @ A and &) A on IVIFS as follows:

Definition 3.11. Let A = (Ra,Qa4) be an IVIFS defined on X. The operators
DA and QA are defined as P A = {{(z,Ra(z), Ra(z)) : 2 € X} and Q A =
{(z,Qa(2), Qal2)) : v € X}.

Theorem 3.12. If A= (Ra,Q4) is an IVIF U P-subalgebra of X, then

(1) P A, and
(17) @ A, both are IVIF U P-subalgebras.

Proof. For (i), it is sufficient to show that R satisfies the condition (UP2). Let
z,y € X. Then Ra(zxy) = [1,1] = Ra(z *y) < [1,1] —rmin{Ra(x), Ra(y)} =
rmaz{l — Ra(x),1 — Ra(y)} = rmax{Ra(x), Ra(y)}. Hence, @ A is an IVIF
U P-subalgebra of X.

For (ii), it is sufficient to show that @Q 4 satisfies the condition (UP1). Let

2,y € X. Then Qa(z+y) = [1,1] - Qa(z*y) = [1,1] —rmaz{Qa(z), Qa(y)} =
rmin{l — Qa(z),1 — Qa(y)} = rmin{Q4(x),Q4(y)}. Hence, Q A is also an
IVIF U P-subalgebra of X. O

The sets {z € X : Ra(z) = Ra(0)} and {x € X : Qa(z) = Qa(0)} are
denoted by Ir, and Ig, respectively. These two sets are also UP-subalgebra
of X.

Theorem 3.13. Let A = (Ra,Q4) be an IVIF UP-subalgebra of X, then the
sets Ir, and Ig, are UP-subalgebras of X.
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Proof. Let z,y € Ir,. Then Ra(z) = Ra(0) = Ra(y) and so, Ra(x *y) >
rmin{Ra(x),Ra (y)} = Ra(0). By using Proposition 3.3, we know that R4 (x *
y) = Ra(0) or equivalently x xy € Ig,.

Again, let z,y € Ig,. Then Qa(z) = Qa(0) = Qa(y) and so, Qa(z xy) <
rmaz{Qa(x),Qa (y)} = Qa(0). Again, by Proposition 3.3, we know that
Qa(z xy) = Qa(0) or equivalently x xy € Ig,.

Hence, the sets Ir, and Ig, are UP-subalgebras of X. O

Theorem 3.14. Let B be a nonempty subset of X and A = (Ra,Q4) be an
IVIFS in X defined by

[, 0], ifz€B
[B1,82], otherwise

[717’}/2]7 lfl'EB
[01,02], otherwise

Ra(a) = { and Qa(z) = {

for all (a1, as), [B1, B2], [11,72] and [01,d2] € D|0,1] with [ay1,as] > [B1, f2] and
[71,72] < [01,02] and co+v2 < 1; Ba+d2 < 1. Then A is an IVIF U P-subalgebra
of X if and only if B is a UP-subalgebra of X. Moreover, I, = B = Ig,.

Proof. Let A be an IVIF U P-subalgebra of X and x,y € X be such that x,y €
B. Then Ry(xxy) > rmin{Ra(x), Ra(y)} = rmin{]a1, asl, [a1, a2]} = [aq, ag)
and Qa(z * y) < rmaz{Qa(z), Qa(y)} = rmaz{[y1,72]; [v1,72]} = [11,72]. So
xxy € B. Hence, B is a U P-subalgebra of X.

Conversely, suppose that B is a U P-subalgebra of X. Let z,y € X. Consider
two cases:

Case (i). If 2,y € B then x xy € B, thus Ra(z xy) = [a1,a2] =
rmin{Ra(z), Ra(y)} and Qa(z xy) = [v1,72] = rmaz{Qa(z), Qa(y)}.

Case (ii). If x ¢ Bor,y ¢ B, then Ra(zxy) > [B1, f2] = rmin{Ra(x), Ra(y)}
and Qa(z *y) < [01,02] = rmaz{Qa(x), Qa(y)}.

Hence, A is an IVIF U P-subalgebra of X.

Now, Ir, ={r € X,Ra(z) = Ra(0)} = {x € X, Ra(x) = [o1, 2]} = B and
Ig, = {7 € X,Qa(®) = Qa(0)} = {z € X,Qa(x) = [y1, 2]} = B. O

Definition 3.15. Let A = (Ra,Qa) is an IVIF UP-subalgebra of X. For
[s1,s2], [t1,t2] € D[0,1], the set U(Ra4 : [s1,s2]) = {z € X : Ra(x) > [s1, s2]} is
called upper [s1, s2]-level of A and L(Q4 : [t1,t2]) = {zx € X : Qa(z) < [t1,t2]}
is called lower [t1,ts]-level of A.

Theorem 3.16. If A = (Ra,Q4) is an IVIF UP-subalgebra of X, then the
upper [s1, s2]-level and lower [t1,ta]-level of A are subalgebras of X.

Proof. Let z,y € U(R4 : [s1,82]). Then Ra(x) > [s1,s2] and Ra(y) > [s1, s2].
It follows that R4(x*y) > rmin{Ra(z), Ra(y)} > [s1, s2] so that xxy € U(R4 :
[s1,s2]). Hence, U(R4 : [s1, s2]) is a subalgebra of X.

Let z,y € L(Qa : [t1,t2]). Then Qa(z) < [t1,t2] and Qa(y) < [t1,t2]. It
follows that Qa(z *y) < rmax{Qa(x),Qa(y)} < [t1,t2] so that zxy € L(Q4 :
[t1,t2]). Hence, L(Q4 : [t1,t2]) is a subalgebra of X. O
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Theorem 3.17. Let A = (Ra,Q4) be an IVIFS in X, such that the sets U(R4 :
[s1,82]) and L(Qa : [ti,t2]) are subalgebras of X for every [si,s2],[t1,t2] €
DI0,1]. Then A is an IVIF UP-subalgebra of X .

Proof. Let for every [s1, s2], [t1,t2] € D[0,1], U(R4 : [s1,s2]) and L(Q 4 : [t1,2])
are subalgebras of X. In contrary, let xg,yo € X be such that Ra(zg * yo) <
rmin{Ra(xo), Ra(yo)}. Let Ra(xzo) = [91,92] , Ra(yo) = [93,94] and Ra(zo *
yo)=[s1, s2]. Then [s1, sa]<rmin{[01, 2], [V3, V4]}=[min{d1, I3}, min{da, ¥4}].
So, s1 < min{d1,Y3} and sy < min{¥2,¥,}. Consider,

% [RA(OCO * yo) + rmin{Ra(zo), RA(QO)}}
1

E 5 [[517 52] + [min{ﬁl, 193}, min{192, 194}]]

= E(Sl + min{dy,93}), %(82 + min{¥s, 194})} :

Therefore, min{v¥, 93} > p; = %(sl—kmin{ﬁl,ﬁg}) > s1 and min{dy, 94} > py =
2(so+min{va, ¥4}) > so. Hence, [min{, 93}, min{ds, 94}] > [p1, p2] > [s1, s2],
so that xo * yo ¢ U(RA : [s1,82]) which is a contradiction, since R4(xg) =
[91, D2]=[min{d, I3}, min{da, Ja}]>[p1, p2] and Ra(yo)=[V3, V4] =[min{d, I3},
min{ds,94}] > [p1, p2]. This implies xo*xyo € U(R4 : [$1, 52]). Thus Ra(xxy) >
rmin{Ra(x), Ra(y)} for all z,y € X.

Again, in contrary, let zg,yp € X be such that Q4 (zo*yo) > rmaz{Qa(zo),
Qa(yo)}- Let Qa(wo) = [¥1.¢2] , Qa(yo) = [¢3, 4] and Qa(wo * yo) = [t1,t2]-
Then [t1,t2] > rmaz{[t1, Pa], 3, Ya]} = [max{¢1, 3}, max{ya, 1a}]. Sot; >
max{11, 93} and to > max{ia,14}. Let us consider,

51,6 = 5[Qalwo o) + rmar{@a(ao), Qalyo)}
= 5 [r.ta] + fmax{, g max (v, v}

= [%(tl + max{1, ¥3}), %(tg + max{to, ¢4})} :

Therefore, max{i1,¢3} < f1 = %(tl + max{¢1,13}) < t1 and max{is, Y4} <
By = %(tg + max{t9,¥4}) < to. Hence, [max{11, 13}, max{ta, 4} < [B1, 2] <
[t1,t2] so that xg*yo ¢ L(Qa : [t1,t2]) which is a contradiction, since Q 4(zg) =
(1,2 < [max{t1, 93}, max{, Pa}] < [B1,52] and Qa(yo) = [i3,¢4] <
[max {11, Y3}, max{tpe, ¥a}] < [B1,B2]. Hence, zo * yo € L(Qa : [t1,t2]). Thus
Qa(xzxy) <rmax{Qa(x),Qa(y)} for all z,y € X. O

Theorem 3.18. Any subalgebra of X can be realized as both the upper [s1, s2]-
level and lower [t1,to]-level of some IVIF U P-subalgebra of X .

Proof. Let P be an IVIF U P-subalgebra of X, and A be an IVIFS on X defined
by

[p1,p2] =

RA(LE) _ [51752]) ifxeP [(.Ul,bdg], frxrelP
[0, 0], otherwise

and  Qa(x) = {

[1,1], otherwise,
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for all [¢1, &2, [w1,w2] € D[0,1] and & +ws < 1. We consider the following cases:

Case (i) If z,y € P, then Ry(z) = [£1,&), Qa(z) = [wi,ws] and Ra(y) =
[€1,&2], Qa(y) = w1, w2]. Thus, Ra(x *y) = [€1,&] = rmin{[&1, &), [€1, &)} =
rmin{Ra(x), Ra(y)} and Qa(x * y) = [wi,wa] = rmaz{|w,ws], [w1,wa]} =
rmaz{Qa(z), Qa(y)}-

Case (ii) If z € P and y ¢ P then Ra(x) = [£1,&2], Qa(x) = w1, ws] and
Ra(y) =10,0], Qa(y) = [1,1]. Thus, Ra(x*y) > [0,0] = rmin{[{1,&2],[0,0]} =
rmin{Ra(x), Ra(y)} and Qa(zxy) < [1, 1]=rmaz{[w1,ws], [1, 1]}=rmaz{Qa(z),
Qa(y)}-

Case (iii) If ¢ P and y € P then R4(z) = [0,0], Qa(z) =[1,1], Ra(y) =
[51752]7 QA(Z/) - [wlvwﬂ' Thus, RA(%‘ * y) > [070] = Tmin{[070]7[§1752]} =
rmin{Ra(x), Ra(y)} and Q s(xxy) < [1,1]l=rmaz{[1, 1], [w1,ws] }=rmaz{Q(x),
Qa(y)}-

Case (iv) If z ¢ P and y ¢ P then Ra(x) = [0,0], Qa(z) = [1,1] and
RA(y) = [O7O]a Qaly) = [Ll]' Now RA(*T xy) > [070] = Tmin{[()?()]v [070]} =
rmin{Ra(x), Ra(y)} and Qa(xxy) < [1,1] = rmax{[1,1],[1,1]} = rmazx{Qa(x),
Qa(y)}-

Therefore, A is an IVIF U P-subalgebra of X. g

Theorem 3.19. Let P be a subset of X and A be an IVIFS on X which is
given in the proof of Theorem 3.18. If A be realized as lower level subalgebra
and upper level subalgebra of some IVIF U P-subalgebra of X, then P is a IVIF
U P-subalgebra of X.

Proof. Let A be an IVIF U P-subalgebra of X, and x,y € P. Then Ra(z) =
(€1, 6] = Raly) and Qu(x) = w1, ws] = Qa(y). Thus Ra(z+y) > rmin{ Ra(z),
Ra()} = rmin{[er, &), (61, &]} = [€1, 6] and Qa(+y) < rmaz{Qa(x), Qa(y)}
= rmaz{[w,ws], [w1,w2]} = [w1,w2], which imply that z xy € P. Hence, the
theorem. O

4. IVIF U P-ideals of U P-algebras

In this section we will define IVIF U P-ideal of U P-algebras and prove some
propositions and theorems. In what follows, let X denote a U P-algebra unless
otherwise specified.

Definition 4.1. An IVIFS A = (Ra,Qa4) in X is called an IVIF UP-ideal of
X if it satisfies:

(UP3) R4(0) > Ra(x) and Qa(0) < Qa(x)

(UPY) Ry(x*z) >rmin{Ra(x x (y*2)),Ra(y)}

(UP5)  Qalxxz) <rmaz{Qa(z * (y * 2)),Qa(y)},
for all x,y € X.
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Example 4.2. Consider a U P-algebra X={0, a, b, ¢, d} with the following Cay-
ley table

x| 0 a b c d
0]0 a b c d
al|0 0 b c d
b|0 0 0 c d
c|0 0 b 0 d
dlo 0 0 0 0
Let A= (Ra,Q4) be an IVIFS in X defined as
1,1], if x €{0,a,b 0, 0], if x €{0,a,b
Rate) = {1 TR0 by g = {00 e e Do)
[m1,meo], if z € {c,d} [n1,n2], if x € {c,d},

where [m1,ma], [n1,n2] € D0, 1] and mga + ng < 1. By routine calculations we
get A is an IVIF U P-ideal of X.

Lemma 4.3. Let A= (Ra,Qa) be an IVIF UP-ideal of X. If x,y € X is such
that y < z, then Ra(x) > Ra(y) and Qa(x) < Qal(y).

Proof. It is immediate and is omitted. OJ

Lemma 4.4. Let A = (Ra,Q4) be an IVIF UP-ideal of X and z,y,z,q € X.
If © < qg* (y*z) then Ry(x * z) > rmin{Ra(q), Ra(y)} and Qa(x *x z) <
rmaz{Qa(q), Qa(y)}-

Proof. Let z,y,z,q € X such that z < ¢ (y*2). Then z * (g (y*2)) =0
and thus Ra(x * z) > rmin{Ra(x * (y*z)), Ra(y)} > rmm{rmm{RA{(:c * (q *
A(q) (

(yx2))), Ra(q)}, Ra(y)} = rmin{rmin{Ra(0), Ra(q)}, Ra(y)} = rmin{Ra(q),
Ra(y)} and Qa(zx2) < rmax{Qa(xx(y*z)), Qa(y)} < rmax{rmaz{Qs{(z*(g*
(y%2))), Qa(9)}, Qa(y)} = rmaz{rmaz{Qa(0),Qa(q)}, Qa(y)} = rmaz{Qa(q),
Qa(y)}- O

Corollary 4.5. Let A = (Ra,Qa) be an IVIF UP-ideal of X and z,y,z € X.
If £ <yxzthen Ry(xx2) > Ra(y) and Qa(x x 2) < Qa(y).

Proof. Let z,y,z € X be such that < y*z. Then by putting ¢ = 0 in Lemma
4.4 we have zx(0%(y*z)) = 0 and thus R4 (xxz) > rmin{R4(0), Ra(y)} = Ra(y)
and Qa(z x z) < rmaz{Q4(0),Qa(y)} = Qa(y). O

Theorem 4.6. Fvery IVIF UP-ideal of a UP-algebra X is an IVIF UP-
subalgebra of X.

Proof. Let A = (R4,Q4) is an IVIF U P-ideal of X and z,y € X. By Propo-
sition 2.2, we have x < y * z. It follows from Lemma 4.3 that Ra(y * x) >
Ra(z) > rmin{Ra(y), Ra(z)} and Qa(y*z) < Qa(x) < rmaz{Qa(y), Qa(z)}.
Hence A = (R4, Q4) is an IVIF U P-ideal of X. O

The converse of Theorem 4.6 may not be true. For example, the IVIF U P-
subalgebra A = (R4,Q4) in Example 3.2 is not an IVIF U P-ideal of X since
Ra(b*c) =10.1,0.2] <[0.5,0.6] = rmin{Ra(bx (a*c)), Ra(a)}.
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Theorem 4.7. An IVIFSs A = {[Rar, Rav|,[Qar,Qav]} in X is an IVIF
UP-ideal of X if and only if Rar, Ray, Qar and Qay are fuzzy UP-ideals
of X.

Proof. Since Rar(0) > Rar(z), Rau(0) > Ray(x), Qar(0) < Qar(z) and

Qav(0) < Qav(x), therefore R4(0) > Ra(z) and Q4(0) < Qa(x).
Let Rar and Rapy are fuzzy U P-ideals of X. Let x,y,z € X. Then

Ry(x*z) = [Rap(x * 2), Rau(x * )]
> [min{Rar(z  (y * 2)), Rar(y) }, min{ Rav (z x (y * 2)), Rav(y)}]

= rmin{[Ras (e * (5» 2)). Rav(@  (y % 2))] [Raz (). Rav(9)]}
=rmin{Ra(z* (y*2)), Ra(y)}.

Let Qa1 and Q4 are fuzzy U P-ideals of X and z,y € X. Then

Qa(x*z) =[Qar(x * 2),Qav(z * 2)]
< max{Qar(z * (y * 2)), Qar(y)}, max{Qauv (z * (y * 2)), Qav(y)}]

= rmam{[QAL($ *(y*2)), Qav(z x (y * 2))], [Qar(y), QAU(y)]}
= Tmax{QA(x * (y * Z))u QA(y)}

Hence, A — {[RAL, Ravl, [Qar, Q AU]} is an TVIF U P-ideal of X.

Conversely, assume that, A is an IVIF U P-ideal of X. For any x,y € X, we
have [Rar(x * 2), Ray(z % 2)] = Ra(x x z) > rmin{Ra(x * (y x 2)), Ra(y)} =
rmin{[Rar(z = (y * 2)), Rav(z = (y * 2))], [Rar(y), Rav(y)]} = min{Rar(z
(y*2)), Rar(y)}, min{Ray (z* (y* 2)), Rav (y)}] and [Qar(z*2), Qav (x * 2)]
Qa(w * z) < rmaz{Qa(z * (y * 2)), Qa(y)} = rmaz{[Qar(z * (y * 2)), Qav(x
(y*2))], [QarL(y), Qav(y)]} = [max{Qar(z*(y*2)), Qar(y)}, max{Qay (v (y*
2)); Qavu(y)}]- Thus, Rap(x * z) > min{Rag(z * (y *2)), Rar(y)}, Rav(w + 2) >
min{ Ry (2+(y+2)), Rav(y)}, @ar(zxz) < max{Qar (zx(y*2)), QarL(y)}, Qav (zx
z) < max{Qayu(z*(y*2)),Qav(y)}. Hence, Rar, Rav,Qar and Qay are fuzzy
U P-ideals of X. O

*

*

Theorem 4.8. Let Ay and As be two IVIF UP-ideals of a UP-algebras X.
Then A1 N Ag is also an IVIF U P-ideal of UP-algebra X.

Proof. Let z,y € A; N As. Then z,y € A; and As. Now, R4 ,n4,(0) =
RA1F'1A2 (x * :C) > rmin{Rz‘hﬂAQ (x)’RAlﬂAQ (x)} = RAN']AQ ('T) and QA10A2 (0) =
Qaina,(xxx) <rmin{Qana, (2),Qa,n4,(%)} = Qa,na,(x). Also,

Rajnay(xx2) = [Ra,na)n(®*2), Ria,nayu (T * 2)]
> [min(R(AlmAg)L($ * (y * 2)), R(AlﬂAg)L(y))a
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min(R4,na,)0 (T * (Y * 2)), Ria,nan)u(y))]
rmin{Ra,na, (z * (y x 2)), Ra,na,(y) }

and Qa,ua, (T *2) = [Qa,04.)L(T * 2), Qa,uA,)U (T * 2)]
[max(Qa,ua.)L (T * (¥ * 2)), Qa,u40)L(Y));
max(Qa,ua,)v (T * (¥ * 2)), Qa,u40)0 (Y))]
= rmaz{Qa,ua,(z * (y * 2)), Qa,04,(y) }-

IN

Hence, A1 N Ay is also an IVIF U P-ideal of U P-algebra X. O

Corollary 4.9. Intersection of any family of IVIF U P-ideals of X is again an
IVIF UP-ideal of X.

Corollary 4.10. If A is an IVIF UP-ideal of X then A is also an IVIF UP-
ideal of X.

Theorem 4.11. If A = (R, Q) is an IVIF U P-ideal of a UP-algebra X, then

(1) P A, and
(17) @ A, both are IVIF U P-ideals of UP-algebra X .

Proof. For (i), it is sufficient to show that R4 satisfies the second part of the
conditions (UP3) and (UP5). We have RA(0) = 1—R4(0) < 1—Ra(z) < Ra(x).
Let 7,y € X. Then Ra(x*2) = 1—Ra(w%2) < 1—rmin{Ra(z*(y*z2)), Ra(y)} =
rmaz{l — Ra(z * (yx2)),1 — Ra(y)} = rmaz{Ra(z * (y * 2)), Ra(y)}. Hence,
P A is an IVIF U P-ideal of U P-subalgebra X.

For (ii), it is sufficient to show that Q 4 satisfies the first part of the conditions
(UP3) and (UP4). We have Q4(0) = 1 — QA(0) > 1 — Q(x) > Qu(x). Let

z,y € X. Then Qy(zx2) =1-Qa(z*z) > 1—rmaz{Qa(z*(y*2)), Qa(y)} =

rmin{l — Qa(z x (y * 2)),1 = Qa(y)} = rmin{Q(z * (y * 2)), Qa(y)}. Hence,
@ A is an IVIF U P-ideal of U P-algebra X. O

Theorem 4.12. An IVIFS A is an IVIF U P-ideal of X if and only if the sets
U(Ra : [s1,82]) and L(Qa : [t1,t2]) are either empty or UP-ideal of X for every
[81, 82], [tl, tg] S D[O, 1].

Proof. Suppose that A = (Ra,Q4) is an IVIF UP-ideal of X. Let U(R4 :
[s1,52]) and L(Q4 : [t1,t2]) be non-empty subset of X. Let [s1, s2] € D[0,1] and
z,y,2 € X be such that x x (y x z) € U(R4 : [s1,52]) and y € U(R4 : [s1, 52]).
Then Ra(x xz) > rmin{Ra(z* (y*z2)),Ra(y)} > [s1,52]. Thus x xz € U(R4 :
[s1,s2]). Hence, U(R4 : [s1,s2]) is a UP-ideal of X.

Let [t1,t2] € D[0,1] and z,y,z € X be such that z* (y*z) € L(Qa4 : [t1,t2])
and y € L(Qa : [t1,t2]). Then Qa(z x 2) < rmax{Qa(z * (y x 2)),Qa(y)} <
[t1,t2]. Thus x % z € L(Qa4 : [t1,t2]). Hence, L(Qa4 : [t1,t2]) is a U P-ideal of X.

Conversely, assume that each non-empty level subset U(R4 : [s1,s2]) and
L(Qa4 : [t1,t2]) are UP-ideals of X. If there exist «, 5,7 € X such that Ra(a *



TAPAN SENAPATI, G. MUHIUDDIN, K.P. SHUM 510

v) < rmin{Ra(a = (B 7)), Ra(B)}, then by taking [s], sh] = L |Ra(a * ) +

rmin{Ra(a * ([ * fy),RA(ﬁ)}], it follows that a* (8% v) € U(Ra4 : [}, s5]) and
B € URA : [s),85]), but ax~v ¢ U(Ra : [s],s5]), which is a contradiction.
Hence, U(R4 : [s], s5]) is not UP-ideal of X.

Again if there exist A,0,7 € X such that Qa(A* 7) > rmazx{Qa(\ * (J *

7)), Qa(6)}, then by taking [t],t)] = 3 [QA()\*T)+rma${QA()\*(5*T)), QA(5)}},
it follows that A (0 % 7) € U(Qa : [t},t5]) and 6 € L(Qa4 : [t],th]), but Ax 7 ¢
L(Qa : [t},t5]), which is a contradiction. Hence, L(Q4 : [}, t5]) is not U P-ideal
of X.

Hence, A = (R4,Q4) is an IVIF UP-ideal of X since it satisfies (UP3) and
(UP4). 0

5. Images and preimages of IVIF U P-subalgebras and U P-ideals

In this section we will present some results on images and preimages of IVIF
U P-subalgebras and U P-ideals in U P-algebras.

Let f be a mapping from a set X intoaset Y. Let B = (Rp,Qp) be an IVIFS
in Y. Then the inverse image of B, is defined as f~1(B) = (f"1(Rp), f~1(@B))
with the membership function and non-membership function respectively are
given by f~'(Rp)(z) = Rp(f(2)) and f~1(Q@p)(x) = Qp(f(x)). It can be
shown that f~1(B) is an IVIFS.

Theorem 5.1. Let f : X — Y be a homomorphism of UP-algebras. If B =
(Rp,Qp) is an IVIF U P-subalgebra of Y, then the preimage f~1(B)=(f"*(Rp),
F~YQB)) of B under f is an IVIF U P-subalgebra of X.

Proof. Assume that B is an IVIF UP-subalgebra of Y and z,y € X. Then
fH(Rp)(zxy) = Rp(f(z+y)) = Rp(f(2)+f(y) = rmin{Rp(f(z), Re(f(y))} =
rmin{ f~" (Rg)(2), f~ (Rp)(y)} and f~(Qp)(zxy) = Qp(f(z*y)) = Qp(f(x)*

f) < rmaz{Qp(f(x), @s(f(v))} = rmaz{f~(Qp)(x), f~(QB)(y)}. There-
fore, f~1(B) is an IVIF U P-subalgebra of X. O

Definition 5.2. An IVIFS A in the UP-algebra X is said to have the rsup-
property and rinf-property if for any subset T of X there exist to € T such that
Ra(to) = rsup,erRa(t) and Qa(to) = rinfi,er@Qa(t) respectively.

Definition 5.3. Let f be a mapping from the set X to the set Y. If A =
(Ra,QA) is an IVIFS in X, then the image of A under f, denoted by f(A), and
1s defined as

f(A) = {<x7 frsup(RA), frinf(QA)> HES Y}v
where

rsupxef’l(y)RA(x)v 1ff71(y) # ¢
[0, 0], otherwise

frsup(RA) (y) = {
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and

A rinfrep-r)Qalx), iffTHy) # ¢
frins(Qa)ly) = {[1, 1], otherwise.

Theorem 5.4. Let f: X — Y be a homomorphism from a UP-algebra X onto
a UP-algebra Y. If A = (Ra,Qa) is an IVIF UP-subalgebra of X, then the
image f(A) = {(z, frsup(RA), frinf(Qa)) : x € Y} of A under f is an IVIF
U P-subalgebra of Y .

Proof. Let A = (Ra,Q4) be an IVIF U P-subalgebra of X and let y1,y2 € Y.
We know that, {1 * 29 : 71 € f~H(y1) and 22 € f ()} C{r € X 1z €
S w1+ y2)}. Now,

frsup(Ra)(y1 * y2) = rsup{Ra(x) : x € " (y1 *y2)}
> rsup{Ra(z1 xx2) : 21 € f~ (1) and z3 € f~ (1)}
> rsup{rmin{Ra(z1), Ra(z2)} 1 21 € f~ (1) and x5 € [~ (y2)}
= rmin{rsup{Ra(z1) : z1 € [~ (y1)}, rsup{Ra(z2) : 22 € ' (y2)}}
= rmind frsup(Ra) (Y1), frsup(Ra)(y2)}

and

Fring(Qa)(y1 * y2) = rinf{Qa(x) : x € f~ (41 % y2)}
<rinf{Qa(xy *x2) 121 € f N (y1) and z2 € FH(y2)}
< rinf{rmaz{Qa(z1),Qa(z2)} : x1 € f (1) and zo € f (1)}
= rmaz{rinf{Qa(z1) : 21 € [~ (y1)},rinf{Qa(x2) : 22 € f~ (y2)}}
= rmaz{ frinf(Qa) (Y1), fring(Qa)(y2)}-

Hence, f(A) = {(z, frsup(RA), frinf(Qa)) : © € Y} is an IVIF U P-subalgebra
of Y. O

Theorem 5.5. Let f : X = Y be a homomorphism of UP-algebras. If B =
(Rp,Qp) is an IVIF UP-ideal of Y, then the pre-image f~1(B) = (f~'(Rp),
FHQB)) of B under f in X is an IVIF UP-ideal of X.

Proof. For all z € X fY(R )( ) = Rp(f(x)) < Rp(0) = Rp(f(0))
f7H(Rp)(0) and f~1(Qp)(z) = Qp(f(z)) > Qp(0) = Qp(f(0

Let 2,y € X. Then f~Y(Rp)(x * 2) = Rp(f(z * 2)) = Rp(f(z) * f
7“min{RB( (2)=(f(y)*f(2))), Re(f(y))}= Tmm{RB(f (z( )
rmin{ f~H(Rp)(x * (y* 2)), f~H(Rp)(y)} and f~H(Qp)(x *
Qp(f(z)f(z )2 < rmaz{Qp(f(z)* (J;(() f(2)),Qs(f(y))

(
(y*2)), Qe(f(y)} = rmaz{f~1(Qp)(x*(y*2)), f~1(Qp)(y)}. Hence, f~(
is an IVIF U P-ideal of X.

Theorem 5.6. Let f: X — Y be an epimorphism of UP-algebras. Then B is
an IVIF UP-ideal of Y, if f~Y(B) = (f~Y(Rg), f1(QB)) of B under f in X
is an IVIF UP-ideal of X.
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Proof. Forany x € Y, 3a € X such that f(a) = z. Then Rg(z) = Rp(f(a)) =
f_ (Rp)(a) < f~H(Rp)(0) = Rp(f(0)) = Rp(0 ) and Qp(r) = Qp(f(a)) =

"@s)(a) > f7HQB)(0) = QB(f(0)) = Qp(0). Let z,y,z € Y. Then
f(a) =z, f(b) = y and f(c) = z for some a,b,c € X. Thus Rp(z * z) =
Rp(f(a) * f(c)) = Mp(f(axc) = f~H(Rp)(ax*c) > rmin{f~"(Rp)(a * (b
), fTH(Rp)(b)} = rmin{Rp(f(a * (b * ¢))), Rp(f(b)} = rmin{Rp(f(a) *
(f(0) = f(c)), Rp(f(b))} = rmin{Rp(z * (y * 2)), Rp(y)} and Qp(z * z) =

B(f(a) * £(e) = Np(fla+c) = F1(@p)(axc) < rmas{f (Qp)(a+ (b
), 1 Qp)(B)} = rmaz{Qu(fla* (b + ), Qu(fO)} = rmaz{Qp (f(a) *
(f(b) * f(c )),QB(f(b))} = rmax{Qp(z * (y x 2)),Qp(y)}. Then B is an IVIF
U P-ideal of Y O

6. Equivalence relations on IVIF U P-ideals

Let IVIFI(X) denote the family of all interval-valued intuitionistic fuzzy ideals of
X and let p = [p1, p2] € D[0,1]. Define binary relations U” and L? on IVIFI(X)
as follows:

(A,B)eUP < U(Rs:p)=U(Rp:p) and

(A,B) e L? & L(Qa: p) = L(QB : p)
respectively, for A=(Ra,Q4) and B=(Rp,Qp) in IVIFI(X). Then clearly U”
and L? are equivalence relations on IVIFI(X). For any A=(R4,Q4)€IVIFI(X),
let [A];, (respectively, [A];,) denote the equivalence class of A modulo U

(respectively, L”), and denote by IVIFI(X)/U? (respectively, IVIFI(X)/L") the
collection of all equivalence classes modulo U” (respectively, L”), i.e.,

IVIFI(X)/U? := {[A]ly»|A = (Ra,Qa) € IVIFI(X)},
respectively,
IVIFI(X)/L? := {[A],|]A = (Ra,Qa) € IVIFI(X)}.

These two sets are also called the quotient sets.

Now let T'(X) denote the family of all ideals of X and let p = [p1,p2] €
D[0,1]. Define mappings f, and g, from IVIFI(X) to T'(X) U {¢} by f,(A) =
U(Ra : p) and g,(A) = L(Qa : p), respectively, for all A = (Ra,Qa) €
IVIFI(X). Then f, and g, are clearly well-defined.

Theorem 6.1. For any p = [p1, p2| € D[0,1], the maps f, and g, are surjective
from IVIFI(X) to T(X) U {¢}.

Proof. Let p = [p1,p2] € D[0,1]. Note that 0. = (0,1) is in IVIFI(X),
where 0 and 1 are interval-valued fuzzy sets in X defined by 0(z) = [0,0]
and 1(z) = [1,1] for all z € X. Obviously f,(0~) = U(0 : p) =U([0,0] :
[o1, p2])= ¢ =L([1,1] : [p1, p2]) =L(1 : p)=g,(0~). Let P(# ¢) € IVIFI(X

For P. = (xp,Xxp) € IVIFI(X), we have fp( )=U(xp:p) =P and g,(P~ )
L(Xp : p) = P. Hence f, and g, are surjective.

I:IH\-/
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Theorem 6.2. The quotient sets IVIFI(X)/UP and IVIFI(X)/LP are equipotent
to T(X) U{¢} for every p € DI[0,1].

Proof. For p € D[0,1] let f; (respectively, g7) be a map from IVIFI(X)/U?
(respectively, IVIFI(X)/L*) to T(X)U{¢} defined by f;([A];;») = f,(A) (respec-
tively, g5 ([Alyr0) = gp(A)) for all A = (Ra,Qa) € IVIFI(X)}. fU(RA: p) =
U(Rp :p)and L(Qa : p) = L(Qp : p) for A = (Ra,Q4) and B = (Rp,Qp)
in IVIFI(X), then (A,B) € U? and (A, B) € L?; hence [A];,, = [B]y, and
[A]lp, = [B]L,. Therefore the maps f; and g are injective. Now let P(# ¢) €
IVIFI(X). For P. = (xp,Xxp) € IVIFI(X), we have

fo([Plye) = fo(Pr) =U(xp : p) = P,

and
9p([Pulpe) = 9p(Pn) = L(Xp : p) = P.
Finally, for 0. = (0,1)e IVIFI(X) we get

fo([0-]yn) = £,(0~) =U(0: p) = ¢

and
95([0~]10) = 9p(0~) = L(1 : p) = ¢.

This shows that f; and gj are surjective. This completes the proof. O
For any p € D|0, 1], we define another relation R” on IVIFI(X) as follows:

(A,B)e RF < U(Ra:p)NL(Qa:p)=U(Rp:p)NL(QB:p),

for any A = (R4,Q4) and B = (Rp,Qp) € IVIFI(X). Then the relation R
is an equivalence relation on IVIFI(X).

Theorem 6.3. For any p € D[0,1], the maps v, : IVIFI(X) — T(X) N {¢}
defined by V,(A) = f,(A) N g,(A) for each A= (Ra,Qa) € X is surjective.

Proof. Let p € D[0,1]. For 0. = (0,1) eIVIFI(X),
¥p(0~)=/(0~)Ngp(0~)=U(0 : p)NL(1: p) = ¢.

For any H € IVIFI(X), there exists H. = (xu,Xg) € IVIFI(X) such that
G (H)=F,(H) g (H)=U (xar : )L (X : p) = H.

This completes the proof. O

Theorem 6.4. The quotient sets IVIFI(X)/RP are equipotent to T(X) U {¢}
for every p € D0, 1].

Proof. For p € DI[0,1], define a map ¢, : IVIFI(X)/RF — T(X) U {¢} by
Vi ([Alge) = ¥p(A) for all [A]lg, € IVIFI(X)/RF. Assume that ¢7([A]z,) =
Y5 ([Blge) for any [A]g, and [B]g, € IVIFI(X)/R?. Then f,(A) N gy(A) =
fo(B) N gy(B), ie., URA : p)NL(Qa : p) = U(Rp : p) N L(Qp : p). Hence
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,B) € R, and so p = . Therefore the maps % are injective. Now
A,B) € R, and so [A], = [B],. Therefore th * are injective. N
for 0. = (0,1)e IVIFI(X) we have

1/’;([0~]Rp) = wp(ON) = fp(ON) N Qp(ON) =U0:p)NL(L:p)=0¢.

If H € IVIFI(X), then for H. = (xu,Xy) € IVIFI(X), we obtain

w;([H~]Rp) = Yp(H~) = fo(Ho) Ngp(Ha) = Ulxm : p) N L(Xg 2 p) = H.

Thus 97 is surjective. This completes the proof. O

7. Product of IVIF U P-subalgebras and U P-ideals

In this section we will provide some new definitions on cartesian product of IVIF
U P-subalgebras and U P-ideals in U P-algebras.

Definition 7.1. Let A = (R4,Q4) and B = (Rp,Qp) be two IVIFSs of X and
Y respectively. The cartesian product A x B = (Ra X Rp,Qa X Qp) of X XY

is defined by (Ra x Rp)(x,y) = rmin{Ra(z), Rp(y)} and (Qa x Qp)(z,y) =
rmax{Qa(x),Qp(y)}, where R4 x Rp : X XY — D[0,1] and Qa X Qp :
X xY — D[0,1] for all (x,y) € X x Y.

Remark 7.2. Let X and Y be UP-algebras. We define * on X XY by (z,y) *
(u,v) = (x *xu,y *v) for every (x,y), (u,v) belong to X x Y, then clearly
(X xY,%,(0,0)) is a UP-algebra.

Definition 7.3. An IVIFS A x B = (R4 X Rp,Qa X Qp) of X XY is called
an IVIF U P-subalgebra if it satisfies for all (x1,y1) and (x2,y2) € X XY

(i) (RaxRp)((z1,y1)x(22,92)) > rmin{(RaxRp)(z1,y1), (RaxRp)(72,92)},

(#1) (RQaxQB)(1,y1)*(22,¥2)) < rmaz{(Qax@p)(x1,v1), (RaxQB)(z2,y2)}

Definition 7.4. An IVIFS A x B = (R4 X Rp,Qa X Qp) of X XY is called
an IVIF U P-ideal if it satisfies for all (x1,y1), (x2,y2) and (x3,y3) € X XY

(i) (RaxRp)(0,0) > (RaxRp)(z,y) and (QaxQp)(0,0) < (QaxQp)(7,y),

(i) (Ra X Rp)((z1,91) * (x3,y3)) > rmin{(Ra x Rp)((z1,y1) * ((x2,y2) *
($37y3)))7 (RA X RB)(-TQ,yQ)} and

(i4i) (Qa x @p)((w1,y1) * (w3,y3)) < rmaz{(Qa x @p)((z1,y1) * ((z2,y2) *
(x37y3>))7 (QA X QB)(m27y2)}'

Theorem 7.5. Let A = (Ra,Q4) and B = (Rp,Qp) be IVIF UP-subalgebras
of X andY respectively, then A x B is an IVIF U P-subalgebra of X x Y.
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Proof. For any (z1,y1) and (z2,y2) € X x Y, we have

(Ra x Rp)((z1,51) * (22,92)) = (Ra X Rp)(z1 * 22, Y1 * Y2)
= rmin{Ra(x1 * x2), Rp(y1 * y2)}
> rmin{rmin{Ra(z1), Ra(z2)},rmin{Rp(y1), Re(y2)}}
= rmin{rmin{Ra(z1), Rp(y1)},rmin{Ra(z2), Rp(y2)}}
= rmin{(Ra x Rp)(z1,y1), (Ra X Rp)(z2,y2)}

and
(Qa x Qp)((z1,41) * (22,92)) = (Qa X QB) (21 * T2, Y1 * Y2)
= rmax{QA(xl *22), QY1 * y2)}
< rmax{rmax{Qa(x1),Qa(x2)},rmaz{Qpr(y1), Q(y2)}}
= rmaz{rmazx{Qa(z1),Qp(y1)}, rmax{Qa(z2), Qp(y2)}}
=rmax{(Qa x Qp)(x1,y1), (Qa X QB)(z2,v2)}
Hence, A x B is an IVIF U P-subalgebra of X x Y. g

Definition 7.6. Let A= (Ra,Q4) and B = (Rp,Qp) be IVIF U P-subalgebras
of X and Y respectively. For [s1,sa],[t1,t2] € DI0,1], the set U(Ra X Rp :
[s1,52]) = {(z,y) € X XY |(RaXRp)(x,y) > [s1,s2]} is called upper [s1, s2]-level
OfAX B and L(QA X Q@B : [tl,tg]) = {(x,y) e X XY|(QA X QB)(a:,y) < [tl,tQ]}
is called lower [t1,ts]-level of A X B.

Theorem 7.7. For any IVIFS A and B, if A x B is an IVIF U P-subalgebra
of X XY then non-empty upper [s1, sa]-level cut U(Rg X Rp : [s1, s2]) and non-
empty lower [t1,ts]-level cut L(Qa X Qp : [t1,t2]) are UP-subalgebras of X XY,
for all [s1, s2] and [t1,t2] € DIO, 1].

Proof. Let A and B be such that A x B is an IVIF U P-subalgebra of X x
Y, therefore, (Ra x Rp)((z1,11) * (z2,y2)) > rmin{(Ra X Rp)(x1,y1), (Ra X
Rp)(w2,y2)} and (QaxQB) (21, y1)*(x2,92)) < rmaz{(QaxQp)(w1,y1), (Qax
QpB)(r2,y2)}, for all (x1,y1) and (z2,y2) € X X Y.

Again, let (z1,y1), (z2,52) € X X Y be such that (z1,y1) and (z2,y2) €
U(Ra X Rp : [s1,s2]). Then, (Ra x Rp)((z1,y1) * (x2,y2)) > rmin{(Ra X
Rp)(x1,y1), (Ra X Rp)(x2,y2)} > rmin([s1, s2], [s1, s2]) = [s1, s2]. This implies,
((x1,11) * (z2,y2)) € U(Ra X Rp : [s1,82]). Thus U(R4 X Rp : [s1,52]) is a
U P-subalgebra of X x Y. Similarly, L(Qa X Qp : [t1,t2]) is a U P-subalgebra of
X xY. O

Proposition 7.8. Let A and B be IVIF U P-ideals of X, then Ax B is an IVIF
UP-ideal of X x X.

Proof. For any (z,y) € X x X, we have (Ry x Rp)(0,0) = rmin{R4(0), Rp(0)}
> rmin{Ra (z), Rp(y)} = (RaxRp)(x,y) and (QaxQp)(0,0) = rmaz{Q(0),
Q@5(0)} < rmin{Qa(z), @p(y)} = (Qa x @B)(x,y).
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Let (561,2/1), ($27y2)7 (3337?%3) € X xX. Then,

(Ra x Rp)((w1,y1) * (3,93))

= (Ra X Rp)(z1 * x3,y1 xy3) = rmin{Ra(x1 *x x3), Rp(y1 * y3)}

> rmin{rmin{Ra(z1 * (x2 *x x3)), Ra(x2)},rmin{Rp(y1 * (y2 * y3)),
= rmin{rmin{Ra(z1 * (v2 x x3)), Rp(y1 * (y2 * y3)) }, rmin{Ra(z2),
= rmin{(Ra X Rp)(x1 * (x2 * x3),y1 * (Y2 * y3)), (Ra X Rp)(x2,y2)}
= rmin{(Ra x Rp)((z1,y1) * ((v2,y2) * (¥3,93))), (Ra X Rp)(72,y2)}

and

(Qa x Qp)((z1,y1) * (23,93))

= (Qa x Qp) (21 x x3,y1 * y3) = rmaz{Qa(z1 * x3), @B (Y1 * y3)}

< rmaz{rmaz{Qa(z1 * (z2 * x3)), Qa(w2)},rmaz{Qp(y1 * (y2 * y3)),
= rmaz{rmaz{Qa(z1 * (v2 * x3)), QY1 * (Y2 * y3)) }, rmaz{Qa(z2),
= rmaz{(Qa x @p) (w1 * (x2 * 23), Y1 * (Y2 * y3)), (Qa X Qp)(2,2)}
=rmax{(Qa x Qp)((x1,y1) * ((x2,y2) * (£3,93))), (Qa X @B)(w2,92)}.

Hence, A x B is an IVIF U P-ideal of X x X. O

Lemma 7.9. If A = (R4,Q4) and B = (Rp,Qp) are IVIF UP-ideals of X,
then @(A x B) = (Ra x R, Ra x Rp) is an IVIF UP-ideals of X x X.

Proof. Let (RaxRp)(z,y) = rmin{Ra(x), Rg(y)}. Then 1—(RaxRp)(z,y) =
rmin{l — Ra(z),1 — Rp(y)}. This implies, 1 — rmin{l — Rs(z),1— Rp(y)} =
(Ra x Rp)(z,y). Therefore, (Ra x Rp)(z,y) = rmaz{R(x), Rg(y)}. Hence,
@P(A x B) = (Rs x Rg,Ra x Rp) is an IVIF U P-ideal of X x X. O

Lemma 7.10. If A = (Ra,Qa) and B = (Rp,Qp) are IVIF U P-ideals of X,
then (A x B) = (Q4 X Qp,Qa x Qp) is an IVIF UP-ideal of X x X.

Proof. Let (Qa x Qp)(z,y) = rmax{Qa(x),Qp(y)}. This implies, 1 — (Q 4 x
Qp)(z,y) = rmaz{l — Q4(z),1 — Qp(y)}. Thisis, 1 — rmax{l — Q4(x),1 —
Qpy)} = (Qax@p)(z,y). Therefore, (Q4xQp)(z,y) = rmin{Q4(z), @p(y)}-
Hence, Q(A x B) = (Q4 X Qp,Q4 x Qp) is an IVIF UP-ideal of X x X. O

By the above two lemmas, it is not difficult to verify that the following
theorem is valid.

)}
)3}

Rp(y2
Rp(y2

)3}
)3}

QB(y2
QB(y2

Theorem 7.11. The IVIFSs A = (Ra,Q4a) and B = (Rp,Qp) are IVIF UP-
ideals of X if and only if @(A x B) = (Ra x Rg,Ra x Rp) and ®(A x B) =
(QsxQp,Qa xQp) are IVIF UP-ideal of X x X.

Theorem 7.12. For any IVIFS A and B, if A x B is an IVIF UP-ideals of
X x X then the non-empty upper [s1, sa|-level cut U(RA X Rp : [s1,82]) and the
non-empty lower [t1,to]-level cut L(Qa X Qp : [t1,t2]) are UP-ideals of X x X
for any [s1, s2] and [t1,t2] € D|0,1].
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Proof. Assume that A and B are IVIF UP-ideals of X. Let (a,b), (¢, d),
(e, f) € X x X be such that (a,b) = ((e, f) * (¢,d)), (e,f) € U(Ra x Rp :
[s1,52]). Then (Ra x Rp)((a,b) * (¢,d)) > rmin{(Ra x Rp)(a,b) = ((e, f) *
(¢,d)),(Ra x Rp)(e, f)} > rmin([s1, s2], [s1, $2]) = [s1, s2]. This implies, (a,b) *
(c,d) € U(Ra x Rp : [s1,52]). Thus U(Ra X Rp : [s1,s2]) is a UP-ideal of
X x X. Similarly, L(Q4 X @p : [t1,t2]) is a UP-ideal of X x X. O
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